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Mdqxdu| 5333  Iluvw Gudiw
Devwudfw
Dq htxloleulxp mre vhdufk prgho zlwk rq0wkh0mre0vhdufk lv suhvhqwhg dqg vroyhg/ lq
zklfk zh doorz upv wr lpsohphqw rswlpdo zdjh srvwlqj vwudwhjlhv lq wkh vhqvh wkdw
wkh| ohdyh qr uhqw wr wkhlu hpsor|hhv dqg frxqwhu wkh rhuv uhfhlyhg e| wkhlu hpsor|0
hhv iurp frpshwlqj upv1 Furvv0up surgxfwlylw| glvshuvlrq dulvhv hqgrjhqrxvo| lq
htxloleulxp1 Wkh prgho gholyhuv d kxps0vkdshg djjuhjdwh hduqlqjv glvwulexwlrq wkdw
uh hfwv erwk up0 dqg zrunhu0khwhurjhqhlw|1
Wkh prgho dovr jhqhudwhv sodxvleoh lqglylgxdo fduhhu sdwkv rq wkh edvlv ri zklfk lw
lv hvwlpdwhg/ xvlqj d Iuhqfk sdqho ri zdjhv ryhu wkh shulrg 4<<70<91
Nh|zrugv= Oderu pdunhw iulfwlrqv/ zdjh glvshuvlrq/ surgxfwlylw| glvshuvlrq1
MHO frghv= M64/ M94/ M97
￿Dgguhvvhv= Oderudwrluh g*Hfrqrplh Dssoltxìh gh o*LQUD/ Hfroh Qrupdoh Vxsìulhxuh/
7; eog Mrxugdq/ :8347 Sdulv/ Iudqfh/ h0pdlo= isrvwhoCmdyd1hqv1iu1 Lqwhuqhw=
zzz1lqud1iu2Lqwhuqhw2Ghsduwhphqwv2HVU2XU2ohd2isrvwho1kwp1
|Dgguhvv= Oderudwrluh g*Hfrqrplh Dssoltxìh gh o*LQUD/ Hfroh Qrupdoh Vxsìulhxuh/ 7; eog Mrxugdq/
:8347 Sdulv/ Iudqfh1 H0pdlo= urelqCmdyd1hqv1iu1
44W k h r u |
414 Edvlf dvvxpswlrqv
Zh frqvlghu d vhdufk0wkhruhwlf prgho ri wkh oderu pdunhw lq wkh olqh ri Exughww dqg Pruwhqvhq
+4<<;, dv h{whqghg e| Srvwho0Ylqd| dqg Urelq +4<<<,1 Wkh prgho hfrqrp| ihdwxuhv d frq0
wlqxxp ri zrunhuv zlwk h{rjhqrxv dqg frqvwdqw pdvv  idflqj d frqwlqxxp ri frpshwlwlyh
upv zlwk d pdvv qrupdol}hg wr 4 wkdw surgxfh rqh xqltxh pxowl0sxusrvh jrrg1
Zrunhuv glhu lq wkhlu shuvrqdo cdelolwlhv* ru cvnloov*1 Wkh vnloo ohyho lv phdvxuhg e| d
sdudphwhu 0 wkdw ydulhv dfurvv zrunhuv1 Ilupv dovr glhu lq wkh whfkqrorjlhv wkdw wkh| rshudwh1
Whfkqrorjlhv duh lqgh{hg e| d qxpehu R phdvxulqj wkhlu jhqhulf ohyho ri surgxfwlylw|1 Wkh
rxwsxw  rz ri d w|sh 0 zrunhu rshudwlqj d w|sh R whfkqrorj| lv vlpso| jlyhq e| 0R1
Zrunhuv fdq hlwkhu eh hpsor|hg ru xqhpsor|hg/ dqg wkh djjuhjdwh xqhpsor|phqw udwh
lv ghqrwhg e| 1D w | s h 0 xqhpsor|hg zrunhu kdv d  rz hduqlqj ri 0K/ zlwk K d srvlwlyh
frqvwdqw4/ wkrxjkw ri dv wkh vxp ri srvvleoh vrxufhv ri lqfrph gxulqj xqhpsor|phqw1 Wkrvh
pd| frqvlvw h1j1 ri xqhpsor|phqw ehqhwv dqg wkh zrunhu*v ydoxdwlrq ri ckrph surgxfwlrq*1
+Dowkrxjk xqhpsor|phqw ehqhwv shu vh pd| qrw eh v|vwhpdwlfdoo| uhodwhg wr vnloov/ wkh
dgrswhg vlpsoh vshflfdwlrq pdnhv vhqvh xqghu wkh ckrph surgxfwlrq* lqwhusuhwdwlrq1,
Xqhpsor|hg zrunhuv kdyh wr irujr wkh  rz lqfrph 0K zkhq wkh| qg d mre/ dqg wkh|
vdpsoh mre rhuv vhtxhqwldoo| dw d Srlvvrq udwh bf1 Doo upv kdyh wkh vdph suredelolw| ri
ehlqj vdpsohg +udqgrp pdwfklqj whfkqrorj|,15 Zh dovr doorz zrunhuv wr vhdufk iru d ehwwhu
mre zkloh hpsor|hg/ vr upv pdnh rhuv wr hpsor|hg zrunhuv dv zhoo1 Wkh duulydo udwh ri rhuv
wr rq0wkh0mre vhdufkhuv lv b￿1 Wkh srro ri xqhpsor|hg zrunhuv lv uhjxoduo| ixhohg e| od|rv
4Wkh idfw wkdw d zrunhu*v surgxfwlylwlhv dw krph dqg dw zrun duh erwk sursruwlrqdo wr % juhdwo|
vlpsolhv wkh xsfrplqj dqdo|vlv1 Dowkrxjk qhxwudo uhjduglqj prvw ri rxu uhvxowv/ wklv dvvxpswlrq kdv vrph
sduwlfxodu lpsolfdwlrqv wkdw zh vkdoo srlqw rxw dorqj wkh dqdo|vlv1
5Wklv lv d glvsxwdeoh dvvxpswlrq1 Rqh frxog rssrvh wr wklv dvvxpswlrq wkh dowhuqdwlyh dvvxpswlrq ri
cedodqfhg pdwfklqj* dv lq Exughww dqg Ylvkzdqdwk +4<;;, +wkh suredelolw| wkdw d zrunhu vdpsohv d jlyhq
up lv sursruwlrqdo wr lwv vl}h,/ ru wkh hqgrjhqrxv pdwfklqj surfhvv ri Urelq dqg Urx{ +4<<;,1 Vlqfh zh
duh prvwo| lqwhuhvwhg lq wkh zdjh vhwwlqj phfkdqlvp lq wklv sdshu/ zh ohdyh wkh dqdo|vlv ri pruh lqyroyhg
pdwfklqj surfhvvhv iru ixwxuh uhvhdufk1
4wkdw rffxu dw wkh h{rjhqrxv udwh B/d q ge |df r q v w d q w r z> ri qhzeruq zrunhuv zkr
ehjlq wkhlu zrunlqj olih dv xqhpsor|hg1 Wr nhhs srsxodwlrq frqvwdqw ryhu wlph/ zh dvvxph
wkdw hyhu| olylqj zrunhu/ hpsor|hg ru qrw/ idfhv d frqvwdqw pruwdolw| udwh >1D o w k r x j kq r w
hvvhqwldo/ wkh eluwk0ghdwk surfhvv zloo eh vkrzq wr eh xvhixo lq wkh hpslulfdo dssolfdwlrqv1
Djhqwv glvfrxqw wkh ixwxuh dw d frpprq udwh 4  f1
Ilqdoo|/ zh pdnh wkh iroorzlqj lpsruwdqw wkuhh dvvxpswlrqv rq wkh zdjh vhwwlqj phfkd0
qlvp=
41 Ilupv fdq ydu| wkhlu zdjh rhuv dffruglqj wr wkh fkdudfwhulvwlfv ri wkh sduwlfxodu zrunhu
wkh| phhw>
51 Ilupv fdq +dowkrxjk wkh| grq*w qhfhvvdulo| gr, frxqwhu wkh rhuv uhfhlyhg e| wkhlu
hpsor|hhv iurp frpshwlqj upv>
61 Zdjh frqwudfwv duh orqj0whup frqwudfwv wkdw fdq eh uhqhjrwldwhg e| pxwxdo djuhhphqw
rqo|1 Wkh rqo| zd| iru dq hpsor|hu wr euhdn wkh frqwudfw djdlqvw wkh hpsor|hh*v zloo
lv wr uh klp1
Wkh uvw wzr dvvxpswlrqv duh d ghsduwxuh iurp wkh vwdqgdug Exughww dqg Pruwhqvhq
+4<<;, prgho1 Wkhlu lpsolfdwlrqv duh h{soruhg e| Srvwho0Ylqd| dqg Urelq +4<<<, lq d prgho
zkhuh zrunhuv duh doo htxdoo| surgxfwlyh/ exw glhu lq wkhlu rssruwxqlw| frvw ri hpsor|phqw1
Dvvxpswlrq 6 lv pruh vwdqgdug dqg rqo| hqvxuhv wkdw d up fdqqrw xqlodwhudoo| fdqfho d
surprwlrq rewdlqhg e| rqh ri lwv hpsor|hhv diwhu kdylqj uhfhlyhg dq rxwvlgh mre rhu/ rqfh
wkh zrunhu kdv hyhqwxdoo| wxuqhg grzq wkdw rhu1 Lw iroorzv wkdw zdjh fxwv zlwklq wkh up
duh qrw shuplwwhg1
415 Zrunhu ehkdylru
Zh uvw lqwurgxfh vrph qrwdwlrq1 Ilupv duh khwhurjhqhrxv zlwk uhvshfw wr wkh whfkqrorjlhv




dffruglqj wr vrph frqwlqxrxv fgi K/
5zklfk iru wkh wlph ehlqj lv wdnhq dv jlyhq/ dqg zloo eh ghulyhg hqgrjhqrxvo| odwhu dorqj
wkh olqhv ghvfulehg lq Srvwho0Ylqd| dqg Urelq +4<<<,1 Wr vdyh rq vsdfh/ zh dovr ghqh
KE' KE1 Wkh zrunhuv* cshuvrqdo delolw|* sdudphwhuv 0 duh h{rjhqrxvo| glvwulexwhg
dprqj wkh wrwdo srsxodwlrq ri zrunhuv dffruglqj wr wkh fgi M ryhu d0c0o/ erwk srvlwlyh
qxpehuv1 Zlwkrxw orvv ri jhqhudolw| zh qrupdol}h wkh glvwulexwlrq ri zrunhu khwhurjhqhlw|
dqg vhw wkh phdq ri 0/
U 0
0 0_ME0/ wr 41 Zrunhuv duh ulvn0qhxwudo dqg glvfrxqw wkh ixwxuh dw
dq h{rjhqrxv dqg frqvwdqw udwh 4:f1 Wkh| idfh d frqvwdqw pruwdolw| udwh >1 Wr nhhs wkh
srsxodwlrq frqvwdqw/ > dovr ghvljqdwhv wkh frqvwdqw udwh ri qdwdolw|/ dqg qhzeruq zrunhuv
duh dvvxphg wr gudz wkhlu ydoxh ri 0 udqgrpo| lq wkh glvwulexwlrq M1
Wkh olihwlph xwlolw| ri dq xqhpsor|hg zrunhu zlwk frpshwhqfh 0 +d zrunhu ri w|sh 0/i r u
vkruw, lv ghqrwhg e| Tf E0/ dqg wkdw ri wkh vdph zrunhu zkhq hpsor|hg dw d up ri w|sh R
dqg sdlg d zdjh  lv T E0ccR1
Dw | s hR up lv deoh wr hpsor| d w|sh 0 xqhpsor|hg zrunhu li wkh pdwfk lv surgxfwlyh
hqrxjk wr dw ohdvw frpshqvdwh wkh zrunhu iru klv irujrqh xqhpsor|phqw lqfrph/ l1h1 0R  0K1
Wkhuhiruh/ wkh lqpxp ri K*v vxssruw kdv wr eh qr ohvv wkdq K/ iru d up ohvv surgxfwlyh
wkdq K zrxog qhyhu dwwudfw dq| zrunhu1 Zkhqhyhu wkdw frqglwlrq lv phw/ dq| w|sh R up
zloo zdqw wr kluh dq| w|sh 0 xqhpsor|hg zrunhu xsrq cphhwlqj* klp rq wkh vhdufk pdunhw1
Wr wklv hqg/ wkh w|sh R up rswlpdoo| rhuv wr wkh w|sh 0 xqhpsor|hg zrunhu wkh plqlpxp
zdjh f E0cR wkdw h{dfwo| frpshqvdwhv wklv zrunhu iru klv rssruwxqlw| frvw ri hpsor|phqw/
zklfk lv ghqhg e|
T E0cf E0cRcR'Tf E0 +4,
Ehfdxvh d jlyhq hpsor|hg zrunhu*v ixwxuh hpsor|phqw survshfwv ghshqg rq erwk wkh whfk0
qrorjlfdo ohyho ri wkh up kh zrunv dw dqg klv shuvrqdo delolw|/ wkh plqlpxp zdjh dw zklfk
dw | s h0 xqhpsor|hg zrunhu lv zloolqj wr zrun dw d jlyhq w|sh R up ghshqgv rq R dqg 0/d v
v k r z qe |h t x d w l r q+ 4 , 1
6Zkhq d jlyhq w|sh R up*v hpsor|hh uhfhlyhv dq rxwvlgh rhu iurp d up w|sh R￿/w k h
lqfxpehqw hpsor|hu fdq hlwkhu frxqwhu wkh rhu ru mxvw vwd| sdvvlyh1 Wkurxjkrxw wkh dqdo|0
vlv/ zh vkdoo dvvxph wkdw rxwvlgh rhuv duh frxqwhuhg zlwk d jlyhq suredelolw| w1 Lq fdvh wkh
rhu lv pdwfkhg/ ghqrwh e| E0cRcR￿ wkh rswlpdo zdjh wkdw wkh fkdoohqjlqj up R￿ zdqwv wr
sursrvh wr d zrunhu +ri w|sh 0, hpsor|hg dw d up zlwk whfkqrorj| R/ dqg wkdw wkh zrunhu
lv zloolqj wr dffhsw1 Zlwk rxu dvvxpswlrq ri frqvwdqw uhwxuqv wr +h!flhqw, oderu/ wkh ehvw
wkh up ri w|sh R f d qg ri r ul w vh p s o r | h hl vw rv h wk l vz d j hh { d f w o |h t x d ow r0R1 Wkh kljkhvw
ohyho ri xwlolw| wkh zrunhu fdq dwwdlq e| vwd|lqj dw wkh w|sh R up lv wkhuhiruh T E0c0RcR1
Dffruglqjo|/ kh dffhswv wr pryh wr d srwhqwldoo| ehwwhu pdwfk zlwk d up ri w|sh R￿ li wkh




Dq| ohvv jhqhurxv rhu rq wkh sduw ri wkh w|sh R￿ up lv vxffhvvixoo| frxqwhuhg e| wkh w|sh
R up1 Lw lv qdwxudoo| qrw dozd|v surwdeoh iru wkh w|sh R￿  u pw rr  h uw k hz d j hE0cRcR￿1
Vshflfdoo|/ lw zloo ehfrph fohdu wkdw li R￿ lv ohvv wkdq R/w k h qE0cRcR￿  0R￿/l qz k l f kf d v h
wkh w|sh R￿ up zloo qhyhu udlvh lwv rhu xs wr wklv ohyho1 Udwkhu/ wkh zrunhu zloo vwd| dw klv
fxuuhqw up/ dqg eh surprwhg wr wkh zdjh E0cR￿cR wkdw pdnhv klp lqglhuhqw ehwzhhq
vwd|lqj dqg zrunlqj dw wkh w|sh R￿ up1
Qrz/ lq fdvh wkh rhu iurp R￿ lv qrw pdwfkhg e| R/ wkh fkdoohqjlqj up fdq dwwudfw wkh
zrunhu e| phuho| frpshqvdwlqj klp iru wkh xwlolw| kh jhwv iurp klv fxuuhqw zdjh/ vd| /l 1 h 1





Djdlq khuh/ lw lv qrw dozd|v ihdvleoh iru R￿ wr rhu E0cRcR￿c1 Fohduo|/ li   E0cR￿cR/
wkhq wkh lqfxpehqw hpsor|hu douhdg| grhv ehwwhu iru wkh zrunhu wkdq zkdw kh fdq dw ehvw
jhw e| prylqj wr wkh w|sh R￿ up1 Wkh zrunhu wkhuhiruh qhyhu pryhv lq vxfk fdvhv1
7Wkh qh{w vwhs lv wr ghqh wkh ydoxh ixqfwlrqv Tf E dqg T E1 Vlqfh rhuv dffuxh wr
xqhpsor|hg zrunhuv dw udwh bf/ Tf E0 vroyhv wkh iroorzlqj Ehoopdq htxdwlrq=
E4 n > n bf  Tf E0'0K n bf  .R iT E0cf E0cRcRj






Zh wkxv qg wkdw dq xqhpsor|hg zrunhu*v h{shfwhg olihwlph xwlolw| ghshqgv rq klv shuvrqdo
delolw| 0 rqo| wkurxjk wkh dprxqw ri rxwsxw kh surgxfhv zkhq hqjdjhg lq krph surgxfwlrq/
0K1 Wklv qdwxudoo| uhvxowv iurp wkh idfw wkdw wkhlu uvw hpsor|hu lv deoh wr dssursuldwh wkh
hqwluh vxusoxv jhqhudwhg e| wkh pdwfk xqwlo wkh zrunhu jhwv klv uvw rxwvlgh rhu1 Wkh rqo|
lqfrph wkh hpsor|hu ruljlqdoo| kdv wr frpshqvdwh wkh zrunhu iru lv 0K1
Qrz wxuqlqj wr hpsor|hg zrunhuv/ frqvlghu d w|sh 0 zrunhu hpsor|hg dw d w|sh R up
dqg uhfhlylqj d zdjh   0R1 Wklv zrunhu lv klw e| rxwvlgh rhuv iurp frpshwlqj upv dw
udwh b￿1 Li wkh rhu vwhpv iurp d up zlwk whfkqrorj| R￿ vxfk wkdw E0cR￿cR  /w k h qw k h
fkdoohqjlqj up lv reylrxvo| ohvv dwwudfwlyh wr wkh zrunhu wkdq klv fxuuhqw hpsor|hu vlqfh lw
fdqqrw hyhq rhu klp klv fxuuhqw zdjh1 Wkh zrunhu wkxv uhmhfwv wkh rhu dqg frqwlqxhv klv
fxuuhqw hpsor|phqw uhodwlrqvkls dw dq xqfkdqjhg zdjh udwh1 Qrz li wkh rhu vwhpv iurp d
w|sh R￿ up vxfk wkdw 	E0cR￿cR  0R/ wkhq hlwkhu wkh rhu lv pdwfkhg e| R/l qz k l f k
fdvh wkh fkdoohqjlqj up R￿ zloo qrw eh deoh wr dwwudfw wkh zrunhu exw wkh lqfxpehqw hpsor|hu
zloo kdyh wr judqw wkh zrunhu d udlvhxs wr E0cR￿cRwr uhwdlq klp iurp dffhswlqj wkh
rwkhu up*v rhu/ ru wkh rhu lv qrw pdwfkhg dqg wkh zrunhu pryhv wr R￿ iru d zdjh htxdo
wr E0cRcR￿c1 Wkh uvw vlwxdwlrq dulvhv zlwk suredelolw| w dqg ohdyhv wkh zrunhu zlwk
d olihwlph xwlolw| ri T E0c0R￿cR ￿/ zkloh wkh vhfrqg rqh dulvhv zlwk suredelolw| E  w dqg
ohdyhv wkh zrunhu*v xwlolw| xqfkdqjhg dw T E0ccR1 Ilqdoo|/ li wkh rhu ruljlqdwhv iurp d up
htxlsshg zlwk d ehwwhu whfkqrorj| wkdq R/ wkhq wkh zrunhu hyhqwxdoo| dffhswv wkh rxwvlgh
8rhu dqg jrhv zrunlqj dw wkh w|sh R￿ up iru d zdjh E0cRcR￿ dqg d xwlolw| T E0c0RcR li R
frxqwhuv wkh rhu +suredelolw| w,/ dqg iru d zdjh E0cRcR￿c dqg dq xqfkdqjhg xwlolw| ri
T E0ccR li R grhvq*w frxqwhu wkh rhu +suredelolw|   w,1
Iru d jlyhq zrunhu w|sh 0 dqg d jlyhq surgxfwlylw| R/ ghqh wkh wkuhvkrog surgxfwlylw|
^E0ccR e| E0c^ E0ccRcR'/v rw k d wE0cR￿cR   li R￿  ^ E0ccR1 Frqwdfwv zlwk
upv zlwk d whfkqrorj| ohvv surgxfwlyh wkdq ^E0ccR hqg xs qrw fdxvlqj dq| zdjh lqfuhdvh
ehfdxvh wkh fxuuhqw hpsor|hu +zlwk d whfkqrorj| |lhoglqj surgxfwlylw| R, fdq rxwelg vxfk d
fkdoohqjlqj up e| rhulqj d zdjh orzhu wkdq 1 Vlqfh lq dgglwlrq od|rv dqg ghdwkv vwloo
rffxu dw uhvshfwlyh udwhv B dqg >/ zh pd| qrz zulwh wkh Ehoopdq htxdwlrq vroyhg e| wkh
ydoxh ixqfwlrq T E0ccR=

4 n B n > n b￿KE^ E0ccR

 T E0ccR'
n b￿w  dKER  KE^ E0ccRo  .R￿ iT E0c0R
￿cR
￿m^ E0ccR  R
￿  Rj
n b￿w  KER  T E0c0RcRnBTf E0 +8,
Lq fdvh wkh rhu iurp wkh fkdoohqjlqj up ri w|sh R￿lv pdwfkhg e| wkh lqfxpehqw hpsor|hu
ri w|sh R/w k h ql i^ E0ccR 	R ￿  R/ wkh lqfxpehqw up fdq nhhs lwv hpsor|hh exw pxvw
surprwh klp wr wkh zdjh E0cR￿cR vxfk wkdw T E0cE0cR￿cRcR'T E0c0R￿cR ￿1L iR￿ :Rwkhq
wkh up ri w|sh R￿ zlqv wkh frpshwlwlrq dqg kluhv wkh w|sh 0 zrunhu dw wkh zdjh E0cRcR￿
ghqhg e| +5,= T E0cE0cRcR￿cR ￿'T E0c0RcR1 Lq fdvh wkh rhu lv qrw frxqwhuhg/ wkhq wkh
zrunhu pryhv wr R￿ zkhqhyhu R￿ :^E0ccR exw klv olihwlph xwlolw| uhpdlqv xqfkdqjhg1
Lpsrvlqj  ' 0R lq wkh odwwhu uhodwlrqvkls/ zh hdvlo| jhw=
T E0c0RcR'
0R n BTf E0
4 n B n >
 +9,
Soxjjlqj wklv edfn lqwr +8,/ uhsodflqj wkh h{shfwdwlrq whup e| lwv h{suhvvlrq dqg lqwhjudwlqj
e| sduwv/ zh qdoo| jhw d ghqlwlrq iru T E=
E4 n B n >  T E0ccR' n BTf E0n
b￿w0





9Zh fdq qrz ghulyh h{suhvvlrqv ri wkh uhvhuydwlrq zdjhv f E/ E dqg E/d vz h o od v
wkh wkuhvkrog whfkqrorjlfdo lqgh{ ^E1 Zh ehjlq zlwk wkh odwwhu iru d jlyhq surgxfwlylw| R
dqg d jlyhq zrunhu w|sh 01 Xvlqj +9, dqg +:, wrjhwkhu zlwk wkh idfw wkdw/ e| ghqlwlrq/
T E0ccR'T E0c0^ E0ccRc^E0ccR/ zh jhw dq lpsolflw ghqlwlrq ri ^ E0ccR=
^ E0ccR 
b￿w








Qrwh wkdw/ dv lqwxlwlrq vxjjhvwv/ +;, vkrzv wkdw ^E0c0RcR'R1Q r zf r q v l g h uds d l ur iw h f k 0
qrorjlhv R  R￿1 Vxevwlwxwlqj E0cRcR￿ iru  lq +;,/ xvlqj wkh idfw wkdw ^E0cE0cRcR￿cR ￿'













Wkh odvw h{suhvvlrq eulqjv derxw vrph frpphqwv1 Iluvw r/ d w|sh 0 zrunhu hpsor|hg dw
d up zlwk surgxfwlylw| R/ dqg zkr uhfhlyhv dq dowhuqdwlyh rhu iurp d up ri surgxfwlylw|
ri R￿ +qrw qhfhvvdulo| juhdwhu wkdq R, zloo eh surprwhg exw qhyhu wr d zdjh juhdwhu wkdq 0R1
Wkh zrunhu*v fxuuhqw surgxfwlylw| wkhuhiruh lpsrvhv dq xsshu erxqg rq klv qh{w surprwlrq
dqg klv srwhqwldo surgxfwlylw| lq wkh fkdoohqjlqj up R￿ lpsrvhv dq xsshu erxqg rq wkh
vhfrqg qh{w surprwlrq1 Wkhuhiruh/ wkh hpsor|hh*v uhvhuydwlrq zdjh E0cRcR￿ lqfuhdvhv zlwk
R dqg idoov zlwk R￿/ ehfdxvh wr vrph h{whqw zrunhuv duh zloolqj wr wudgh d vpdoohu vkduh ri
wkh wrwdo uhqw wrgd| iru d odujhu vkduh wrpruurz1 Lw lv wkxv pruh gl!fxow wr gudz d zrunhu
rxw ri d pruh surgxfwlyh up/ dqg htxlydohqwo| zrunhuv duh pruh hdvlo| zloolqj wr zrun dw
pruh surgxfwlyh upv1
Wklv lq wxuq kdv wzr fuxfldo lpsolfdwlrqv1 Wkh uvw rqh lv wkdw zrunhuv pd| eh zloolqj
wr dffhsw zdjh fxwv/ hyhq wkrxjk wkh| duh qrw wkuhdwhqhg ri orvlqj wkhlu mre1 Frqvlghu iru
lqvwdqfh wkh wrs udqn w|sh 0 zrunhu lq d w|sh R up/ zkr hduqv h{dfwo|  ' 0R/ dqg dvvxph
wklv zrunhu jhwv dq rhu iurp d up ri w|sh R￿  R zklfk R f r x q w h u v 1W k l v z r u n h ul vw k x v
zloolqj wr zrun dw wkh w|sh R￿ up iru dq| zdjh deryh E0cRcR￿/z k l f kl vvwulfwo| ohvv wkdq
:klv fxuuhqw zdjh 0R/ dffruglqj wr htxdwlrq +<,1 Wkh vhfrqg nh| lpsolfdwlrq ri *v surshuwlhv
lv wkdw vhqlru zrunhuv duh suhglfwhg e| wkh prgho wr eh rq dyhudjh ohvv preloh wkdq mxqlru
zrunhuv iru d jlyhq ohyho ri shuvrqdo vnloov 01 Wr vhh wklv/ qrwh wkdw d w|sh 0 zrunhu pdnlqj
 lq d w|sh R up lv cxsjudghg* +l1h1 hlwkhu surprwhg ru kluhg e| d ehwwhu up, zkhq kh
uhfhlyhv dq rhu iurp d w|sh R￿ up vxfk wkdw hlwkhu R￿  R dqg   E0cR￿cR/ lq zklfk fdvh
k hj h w vdu d l v h /r uR￿ :R / lq zklfk fdvh kh jrhv wr wkh up ri w|sh R￿1 Wklv pdnhv zrunhuv
zlwk orqj whqxuhv/ zkr rq dyhudjh kdyh uhfhlyhg pruh rhuv dqg wkhuhiruh jhw kljkhu zdjhv
lq ehwwhu upv/ ohvv olnho| wr uhfhlyh dq dwwudfwlyh rhu wkdw zrxog uhvxow lq dq xsjudgh1
Ilqdoo| frqvlghu d sdlu ri whfkqrorjlhv R dqg R￿ vxfk wkdw R￿  ^E0ccR1 Iurp +6, dqg
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Wkh prelolw| zdjh E iru xqpdwfkhg rhuv kdv wkh vdph surshuwlhv dv E= lw lqfuhdvhv
zlwk R/ ghfuhdvhv zlwk R￿ dqg lw fdq eh juhdwhu ru vpdoohu wkdq / ghshqglqj rq wkh uhodwlyh
surgxfwlylwlhv R dqg R￿1 Lw qdwxudoo| lqfuhdvhv zlwk wkh fxuuhqw zdjh 1
Zh qrz wxuq wr wkh xqhpsor|hg zrunhuv* uhvhuydwlrq zdjhv f E/ zklfk duh ghqhg e|
wkh htxdolw| +4,1 Uhsodflqj  e| f E0cR lq +8, dqg qrwlflqj wkdw ^ E0cf E0cRcR'0K/6 zh












Djdlq/ wklv fdoov iru vrph frpphqwv1 Iluvw/ zh vhh wkdw xqhpsor|hg zrunhuv ri doo w|shv duh
suhsduhg wr zrun iru d zdjh f E wkdw lv ohvv wkdq wkh rssruwxqlw| frvw ri hpsor|phqw
6Wklv lv vkrzq e| wkh ghqlwlrqv ri t+, dqg !3 +,=
Y3 +%,@Y +%>!3 +%>s,>s,@Y +%>%t +,>t+,,>
zklfk lpsolhv iurp +7, dqg +9, wkdw t +%>!3 +%>s,>s,@%e1
;0K1 Wklv lv ehfdxvh ehlqj hpsor|hg phdqv qrw rqo| hduqlqj d zdjh/ exw dovr jhwwlqj ehwwhu
hpsor|phqw survshfwv1 Vhfrqg/ dv zh qdwxudoo| h{shfwhg/ f E wxuqv rxw wr eh d ghfuhdvlqj
ixqfwlrq ri R1 Vlqfh ehwwhu pdwfkhv |lhog ehwwhu ixwxuh mre rssruwxqlwlhv/ wkh| duh pruh
dwwudfwlyh wr zrunhuv dqg wdnh dgydqwdjh ri wklv ihdwxuh e| rhulqj orzhu zdjhv1 Wklug/ wkh
uhvhuydwlrq zdjh grhv qrw ghshqg rq wkh duulydo udwh ri rhuv bf1 Lq vwdqgdug vhdufk wkhru|/
uhvhuydwlrqv zdjhv gr ghshqg rq bf/ ehfdxvh wkh zdjh rhuv duh qrw qhfhvvdulo| htxdo wr wkh
uhvhuydwlrq zdjh1 D orqjhu vhdufk gxudwlrq pd| wkxv lqfuhdvh wkh ydoxh ri wkh hyhqwxdoo|
dffhswhg mre1 Khuh/ wklv grhv qrw kdsshq= Ilupv dozd|v sd| wkh uhvhuydwlrq zdjh wr zrunhuv>
Wkhuhiruh/ wkhuh lv qr jdlq wr h{shfw iurp uhmhfwlqj dq rhu dqg zdlwlqj iru wkh iroorzlqj
rqh1
416 Zrunhu  rzv
Ohw xv ghqrwh e| uE0ccR wkh qxpehu ri w|sh 0 hpsor|hhv dw d w|sh R up hduqlqj d zdjh
ohvv wkdq ru htxdo wr /e |uE0cR wkh wrwdo qxpehu ri w|sh 0 hpsor|hhv dw d w|sh R up





B n > n b￿w

B n > n b￿wKER
2  ER  K  E0c +46,














B n > n b￿w

B n > n b￿wKER
2  ER  K +48,
Qrwh iru ixwxuh xvh wkdw uER lqfuhdvhv zlwk R1
<Xqghu wkh fxuuhqw prgho*v dvvxpswlrqv/ wkh glvwulexwlrq ri lqglylgxdo khwhurjhqhlw|
zlwklq wkh upv lv lqghshqghqw ri wkhlu w|shv1 Pruh surgxfwlyh upv vlpso| kluh pruh
zrunhuv1 Wklv vwhpv iurp wkh dvvxpswlrq wkdw wkh surgxfwlylw| ri d pdwfk E0cR lv 0R1
Qrwklqj wkxv suhyhqwv wkh irupdwlrq ri kljko| glvvlplodu sdluv +orz 0/k l j kR/r uo r zR/k l j k
0,1 D pljkw vhhp pruh uhdolvwlf wr uhvwulfw pdwfk irupdwlrq e| lpsrvqj zrunhu vhohfwlrq wr
vrph h{whqw/ zklfk frxog eh grqh vlpso| h1j1 e| dvvxplqj wkdw/ wr rshudwh d whfkqrorj| R/
dp l q l p d oy d o x hr i0 lv uhtxluhg1 \hw/ wklv zrxog eh dq dg krf zd| ri jhqhudwlqj dvvruwdwlyh
pdwlqj1 Pdwfklqj wkhru| vxjjhvwv wkdw dvvruwdwlyh pdwlqj rqo| uxohv rxw dgglwlyh vxevwl0
wxwdelolw|1 Wkh pruh ixqgdphqwdo uhdvrq zk| zh gr qrw rewdlq dvvruwdwlyh pdwlqj khuh lv
wkh dvvxpswlrq ri frqvwdqw uhwxuqv wr oderu1 D up kdv qr lqfhqwlyh wr vhohfw zrunhuv xsrq
wkhlu txdolw| ehfdxvh lw lv rswlpdo wr kluh dq|rqh |lhoglqj srvlwlyh surwv/ vlqfh klulqj wrgd|
lq qr zd| kdpshuv ixwxuh uhfuxlwphqw1 H{whqglqj wkh fxuuhqw prgho wr doorz iru glplqlvk0
lqj uhwxuqv wr oderu lv d yhu| surplvlqj olqh ri uhvhdufk exw fohduo| rxw ri vfrsh jlyhq wkh
dgglwlrqdo frpsoh{lw| lw lpsolhv1
Ilqdoo| htxdwlqj djjuhjdwh oderu pdunhw  rzv slqv grzq wkh udwh ri xqhpsor|phqw=
 '
B n >
B n > n bf
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Wkh vwhdg|0vwdwh dvvxpswlrq kdv doorzhg xv wr frpsxwh wkh ydulrxv vwrfnv dqg  rzv ri
zrunhuv1 Wkh prgho lv qrz frpsohwho| vroyhg jlyhq d sduwlfxodu glvwulexwlrq K ri surgxf0
wlylwlhv1 Wdnlqj K dv h{rjhqrxv pd| eh d vhqvleoh dvvxpswlrq lq d vkruw0uxq shuvshfwlyh1
Krzhyhu/ wr wkh h{whqw wkdw d up*v surgxfwlylw| iroorzv iurp lwv lqyhvwphqw fkrlfhv/ lw
fhuwdlqo| vkrxog eh pdgh hqgrjhqrxv lq wkh orqjhu uxq1
417 Uhqw vkdulqj
Wkh orzhvw sdlg w|sh 0 zrunhu lq d w|sh R up lv rqh wkdw kdv mxvw ehhq kluhg/ wkhuhiruh
hduqlqj f E0cR/ zkloh wkh kljkhvw0sdlg w|sh 0 zrunhu lq wkdw up hduqv klv pdujlqdo surgxf0
wlylw| 0R1 Kdylqj wkxv ghqhg wkh vxssruw ri wkh zlwklq0up hduqlqjv glvwulexwlrq ri w|sh 0
43zrunhuv iru dq| w|sh R up/ zh fdq uhdglo| ghulyh wkh ydoxh ri wkh fxuuhqw rshudwlqj vxusoxv











￿ }EuE0c_cR ghqrwhv wkh Vwlhomhv lqwhjudo ri }E zlwk uhvshfw wr wkh phdvxuh
uE0c_cR ryhu wkh lqwhuydo Eco1 Qrwh wkdw wklv phdvxuh kdv d pdvv srlqw dw  ' f E0cR
+vhh Dsshqgl{ D,1
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lq zklfk zh kdyh xvhg +46, dqg vlqfh/ e| frqyhqwlrq/
U 0
0 0E0 _0 ' 1 Qrwh wkdw wkh fxuuhqw
rshudwlqj vxusoxv ZER lv wkxv dq lqfuhdvlqj dqg frqwlqxrxv ixqfwlrq1
D sdudphwhu ri lqwhuhvw lv wkh iroorzlqj= rq dq dyhudjh krz pxfk d zrunhu fdq krsh wr
eh sdlg zkhq hpsor|hgB Lqglylgxdo hduqlqjv surfhvvhv ehlqj vwdwlrqdu| dqg hujrglf/ rqh fdq












zkhuh u lv wkh dyhudjh up vl}h E  * dqg
uER￿￿ER￿
u lv wkh ghqvlw| ri up w|shv lq d











44Diwhu vrph vwudljkwiruzdug +exw fxpehuvrph, dojheud/ rqh qdoo| rewdlqv=
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zklfk vkrzv wkdw zkhq 4 jhwv vpdoo/ .C dssurdfkhv K1 Ilupv h{sorlw wkh orqj0vljkwhgqhvv ri
zrunhuv wr pdnh wkhp jlyh lqlwldoo| +fE0cR 	K , doo wkh jdlqv wkh| fdq odwhu h{shfw iurp up
frpshwlwlrq iru hpsor|hhv1 D uhvxow vlplodu wr Gldprqg*v +4<:4, prqrsvrq| zdjh wkhuhiruh
hphujhv= zkhq upv fdq ixoo| wdnh dgydqwdjh ri wkhlu prqrsvrq| srzhu rq xqhpsor|hg
zrunhuv/ wkh| fdq uhfryhu d odujh sduw ri wkh uhqw wkh| duh frqvwudlqhg wr |lhog wr zrunhuv
ehfdxvh ri rq0wkh0mre vhdufk1 Rxu prgho wkxv oov wkh jds ehwzhhq Gldprqg*v htxloleulxp
vhdufk zlwk qr vhdufk rq wkh mre +dqg Doeuhfkw dqg D{hoo*v +4<;7, h{whqvlrqwr khwhurjhqrxv
zrunhuv dqg upv,/ dqg Exughww dqg Pruwhqvhq*v +4<;<, zdjh srvwlqj prgho zlwk rq0wkh0mre
vhdufk1
418 Htxloleulxp surgxfwlylw| glvshuvlrq
Zh fdq qrz hqgrjhql}h wkh surgxfwlylw| sdudphwhu R dorqj wkh olqhv ri Srvwho0Ylqd| dqg
Urelq +4<<<,1 Htxloleulxp surgxfwlylw| glvshuvlrq dulvhv iurp wkh upv* glvshuvhg lqyhvw0
phqw fkrlfhv1 Dvvxph upv duh h{ dqwh lghqwlfdo dqg hqgrzhg zlwk d whfkqrorj| h{klelwlqj
frqvwdqw uhwxuqv wr oderu dqg ghfuhdvlqj uhwxuqv wr fdslwdo1 Pruh vshflfdoo|/ wkh rxwsxw
shu h!flhqf| xqlw ri oderu ri d up zlwk d fdslwdo vwrfn ri & lv R ' &k/ zlwk f 	k	18
Zlwk wklv vshflfdwlrq/ dqg wdnlqj wkh xvhu frvw ri fdslwdo dv dq h{rjhqrxv frqvwdqw o/
wkh qdo ohyho ri surw pdgh e| d w|sh R hpsor|hu lv ER'ZERoR￿*k1 Lq htxloleulxp/ doo




ZER  oR￿*k  W iru doo R 5 tTTEKc
ZER  oR￿*k 	 W rwkhuzlvh1
8Wklv vshflfdwlrq lv eruurzhg iurp Dfhprjox dqg Vklphu +4<<:,1 Dovr/ Urelq dqg Urx{ +4<<;, hvwlpdwh
wkh frh!flhqwv ri d Free0Grxjodv surgxfwlrq ixqfwlrq N￿O￿ rq up gdwd dqg qg wkdw  lv urxjko| htxdo
wr rqh zkloh  lv pxfk vpdoohu/ vrphzkhuh ehwzhhq 3 dqg 14 ghshqglqj rq wkh sduwlfxodu vhfwru frqvlghuhg1
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Wklv lv d txdgudwlf htxdwlrq lq KER zklfk fdq hdvlo| eh vroyhg=
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Wkh erxqgv ri K*v vxssruw vroyh KER'dqg KER'fuhvshfwlyho|19
Qrwh wkdw wklv glvfxvvlrq lv hpslulfdoo| xvhixo ehfdxvh lw surylghv d qdwxudo vshflfdwlrq
ri wkh glvwulexwlrq riwkh up khwhurjhqhlw| sdudphwhu R1 Lw vkrzv wkdw zkhq KER kdv wkh
irup lq +54, wkhq upv* fxuuhqw rshudwlqj vxusoxv lv
ZER'oR
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dq lqwhuydo1 Wkh deryh dqdo|vlv frqupv wklv frqmhfwxuh1 Dovr/ zh kdyh ehhq zrunlqj xqghu wkh dvvxpswlrq
wkdw +, kdg qr pdvv srlqwv1 Lq Srvwho0Ylqd| dqg Urelq +4<<</ sursrvlwlrq 4,/ zh vkrz wkdw lw lv lqghhg
wuxh lq htxloleulxp1 Wkh uhdvrq zk| wklv lv wkh fdvh lv hdv| wr vshoo rxw1 Li d pdvv ri upv fkrrvh wkh vdph
s wkhq wkhuh h{lvwv d pdvv ri hpsor|hg zrunhuv zkr fdq eh dwwudfwhg e| d up zlwk d juhdwhu surgxfwlylw|1
Frqvhtxhqwo|/ wkh fxuuhqw rshudwlqj vxusoxv lqfuhdvhv idvwhu uljkw diwhu s wkdq mxvw ehiruh1 Vlqfh us4@￿ lv
frqwlqxrxvo| glhuhqwldeoh/ lw lv wkhuhiruh lpsrvvleoh wkdw s eh dq rswlpdo uhvsrqvh ri dq| up wr doo rwkhu
upv ehkdylqj dffruglqj wr d glvwulexwlrq ri surgxfwlylwlhv h{klelwlqj d pdvv srlqw dw s1 Lw wkxv iroorzv wkdw
wkh htxloleulxp glvwulexwlrq ri surgxfwlylwlhv lv frqwlqxrxv/ khqfh  dqg O duh glhuhqwldeoh1
46dqg wkh wkh zdjh eloo ri d up ri w|sh R lv
SER'RuER  ZER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zklfk surylghv d sduwlfxoduo| vlpsoh dqg dwwudfwlyh qdwxudo vshflfdwlrq ri phdq zdjh shu
up iru hpslulfdo dqdo|vlv1 Vshflfdwlrq +54, fdq eh dgrswhg zlwkrxw dvvxplqj wkdw R uhvxowv
iurp fdslwdo fkrlfh dqg h{ dqwh surw pd{lplvdwlrq1
5 Vwuxfwxudo hvwlpdwlrq
514 Ghvfulswlrq ri wkh GDV gdwd
Wkh Gìfodudwlrqv Dqqxhoohv ghv Vdodluhv gdwdvhw lv d odujh froohfwlrq ri pdwfkhg hpsor|hu0
hpsor|hh lqirupdwlrq froohfwhg e| wkh Lqfrph Glylvlrq ri wkh Iuhqfk Vwdwlvwlfdo Lqvwlwxwh LQ0
VHH +Lqvwlwxw Qdwlrqdo gh od Vwdwlvwltxh hw ghv Hwxghv Hfrqrpltxhv  Glylvlrq ghv Uhyhqxv,1
Wkh gdwd duh edvhg rq d pdqgdwru| hpsor|hu uhsruw ri wkh jurvv hduqlqjv ri hdfk vdodulhg
hpsor|hh ri wkh sulydwh vhfwru vxemhfw wr Iuhqfk sd|uroo wd{hv1 Rxu dqdo|vlv vdpsoh fryhuv
doo lqglylgxdov hpsor|hg lq Iuhqfk hqwhusulvhv zkr zhuh eruq lq Rfwrehu ri hyhq0qxpehuhg
|hduv1 Rxu h{wudfw uxqv iurp 4<<8 wkurxjk 4<<:/ rxu odvw dydlodeoh vxuyh|1 Zh kdyh gholehu0
dwho| vhohfwhg d pxfk vkruwhu shulrg wkdq lv dydlodeoh ehfdxvh zh zdqw wr qg rxw zkhwkhu lw
lv srvvleoh wr hvwlpdwh rxu vwuxfwxudo prgho rq dq krprjhqhrxv shulrg ri wkh exvlqhvv f|foh1
Pruhryhu/ up vl}h lv rqo| dydlodeoh iurp 4<<8 rqzdug1 Hdfk revhuydwlrq fruuhvsrqgv wr
d xqltxh hqwhusulvh0lqglylgxdo0|hdu frpelqdwlrq1 Wkh revhuydwlrq lqfoxghv dq lghqwlhu wkdw
fruuhvsrqgv wr wkh hpsor|hh dqg dq lghqwlhu wkdw fruuhvsrqgv wr wkh hvwdeolvkphqw1 Iru
hdfk revhuydwlrq/ zh kdyh lqirupdwlrq rq wkh qxpehu ri gd|v gxulqj wkh fdohqgdu |hdu wkh
lqglylgxdo zrunhg dw wkh hvwdeolvkphqw/ dv zhoo dv wkh ixoo0wlph2sduw0wlph2lqwhuplwwhqw2dw0
krph zrun0vwdwxv ri wkh hpsor|hh1 Hdfk revhuydwlrq dovr lqfoxghv/ lq dgglwlrq wr wkh yduldeohv
olvwhg deryh/ wkh vh{/ prqwk/ |hdu dqg sodfh ri eluwk/ rffxsdwlrq/ wrwdo qhw qrplqdo hduqlqjv
47gxulqj wkh |hdu dqg dqqxdol}hg jurvv qrplqdo hduqlqjv gxulqj wkh |hdu iru wkh lqglylgxdo/ dv
zhoo dv wkh orfdwlrq +gìsduwhphqw, dqg lqgxvwu| ri wkh hpsor|lqj hvwdeolvkphqw1
Wkh vdpsoh surylghv lqglylgxdo zdjh eloov uhsruwhg e| wkh hpsor|huv rq d |hduo| edvlv1
Zh nqrz iru h{dpsoh wkdw zrunhu  zdv hpsor|hg e| wkh up0hvwdeolvkphqw  gxulqj _ gd|v
lq 4<<8 zlwklq d wlph lqwhuydo ehjlqqlqj wklv gd| ri 4<<8 dqg hqglqj wkdw gd| ri 4<<81 D
wudmhfwru| ihdwxulqj dq hpsor|hu fkdqjh pd| eh vxfk wkdw wkh hqg ri rqh hpsor|phqw vshoo
grhv qrw frlqflgh zlwk wkh ehjlqqlqj ri wkh qh{w rqh/ dqg d zrunhu pd| dovr ohdyh wkh sdqho
ehiruh wkh hqg ri wkh uhfruglqj shulrg1 Wkhuh lv qr zd| ri nqrzlqj wkh vwdwxv ri wkh zrunhu
gxulqj vxfk shulrgv qrw fryhuhg e| d zdjh vwdwhphqw1 Kh2vkh pd| kdyh shupdqhqwo| ru
whpsrudulo| txlw sduwlflsdwlqj/ ru eh xqhpsor|hg/ ru kdyh irxqg d mre lq wkh Sxeolf Vhfwru/
ru kdyh vwduwhg xs klv2khu rzq exvlqhvv1 Lq wkh hvwlpdwlrq/ zh vkdoo lqwhusuhw whpsrudu| dw0
wulwlrq dv uhvxowlqj iurp od|rv +zlwk lqvwdqwdqhrxv suredelolw| B_|, dqg shupdqhqw dwwulwlrq
dv uhvxowlqj hlwkhu iurp od|rv ru iurp uhwluhphqwv +zlwk lqvwdqwdqhrxv suredelolw| >_|,1
Zh pd| kdyh vhyhudo zdjhv uhfrughg iru wkh vdph lqglylgxdo lq wkh vdph up0hvwdeolvkphqw
li wkh zrunhu vwd|v hpsor|hg e| rqh up iru pruh wkdq rqh |hdu1 Xqiruwxqdwho|/ wkhuh lv
qr zd| wr nqrz h{dfwo| dw zklfk prphqw kh2vkh uhfhlyhg d zdjh lqfuhdvh li wkh gdlo| zdjh
uhsruwhg rqh |hdu lv juhdwhu wkdq wkh rqh uhsruwhg wkh |hdu ehiruh1 Ilqdoo|/ lw iuhtxhqwo| kds0
shqv wkdw uhdo zdjhv ghfuhdvh iurp rqh |hdu wr wkh qh{w hyhq li wkh zrunhu kdv qrw fkdqjhg
hpsor|huv1 Wklv pd| uh hfw  xfwxdwlrqv ri erqxvhv zlwk wkh up*v dfwlylw| vlqfh wkhuh lv
qr zd| ri vhsdudwlqj frqwudfwxdo zdjhv iurp erqxvhv zklfk lq vrph fdvhv pd| eh d qrq
qhjoljleoh vkduh ri vdodulhv1 Zdjh fkdqjhv pd| dovr uh hfw rffxsdwlrq fkdqjhv zlwklq wkh
vdph hvwdeolvkphqw dqg frpshqvdwlqj glhuhqwldov1 Wkhvh zdjh  xfwxdwlrqv frxog eh fds0
wxuhg lq dq dg krf zd| e| d sxuh lglrv|qfudwlf vkrfn1 Zh suhihuuhg wr hvwlpdwh wkh vuxfwxudo
prgho dv lw zdv odlg rxw lq wkh suhfhglqj vhfwlrqv dw wkh sulfh ri d odfn ri w ehfdxvh rxu
pdlq jrdo khuh lv suhflvho| wr hydoxdwh wkh fdsdflw| ri wkh vwuxfwxudo prgho wr uhsurgxfh wkh
pdlq ihdwxuhv ri wkh zdjh g|qdplfv1 Lqfrusrudwlqj surgxfwlylw|  xfwxdwlrqv lq wkh prgho
48lv fhuwdlqo| qrw d vwudljkwiruzdug h{whqvlrq ri wkh prgho dv zh nqrz wkdw lw frxog jhqhudwh
mre ghvwuxfwlrq dv lq Pruwhqvhq dqg Slvvdulghv +4<<7, iru h{dpsoh1
515 Sdudphwulf vshflfdwlrq
Wr nhhs wklqjv dv vlpsoh dv srvvleoh/ zh vkdoo hvwlpdwh wkh prgho xqghu wkh dvvxpswlrq
wkdw wkh sv|fkrorjlfdo glvfrxqw udwh 4 lv qlo dqg wkdw wkh glvwulexwlrq ri up surgxfwlylwlhv
vdwlvhv wkh htxloleulxp fkdudfwhul}dwlrq +54,1 Xqghu wkrvh dvvxpswlrqv/ wkh prgho suhglfwv
wkdw=
 wkh surgxfwlylw| glvwulexwlrq lv Sduhwr= iru doo R 5 dRcRo/
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vlqfh lq d vwhdg| vwdwh htxloleulxp bf 'E B n >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 wkh vxssruw ri up surgxfwlylwlhv lv dRcRo zlwk
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 wkh glvwulexwlrq ri up vl}hv lq wkh srsxodwlrq ri dfwlyh upv/ jlyhq wkdw KER lv
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'uE n V￿w(
 wkh glvwulexwlrq ME0 ri zrunhu w|shv 0 zlwklq hdfk up lv lqghshqghqw ri wkh hpsor|hu
w|sh R dqg fdq eh vshflhg dv rqh zdqwv/ xs wr wkh dvvxphg qrupdol}dwlrq ri lwv phdq>
















 wkh zdjh uhvxowlqj iurp wkh frpshwlwlrq ehwzhhq d w|sh0R up dqg d w|sh0R￿ up
































4: wkh zdjh d zrunhu fdq jhw lq d w|sh0R￿ up zkhq wkh zrunhu lv sdlg  e| d w|sh0R up
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516 Hvwlpdwlrq
Wkh frpsolfdwhg qdwxuh ri wkh gdwd +qdpho| wkdw rqo| dqqxdo zdjhv duh revhuyhg, dqg
wkh idfw wkdw wkh glvwulexwlrqv ri up vl}hv dqg surgxfwlylwlhv kdyh erxqghg vxssruwv:/
uxohv rxw pd{lpxp olnholkrrg dv d srwhqwldo fdqglgdwh iru wkh hvwlpdwlrq ri wkh prgho1
Pruhryhu sdudphwhuv vwurqjo| lqwhudfw zlwk hdfk rwkhu1 Rqh vkrxog wkhuhiruh eh fdxwlrxv
qrw wr hvwlpdwh vlpxowdqhrxvo| doo sdudphwhuv zlwkrxw ehlqj dvvxuhg wkdw hdfk sdudphwhu lv
vhsdudwho| lghqwlhg e| d vshflf gdwd vrxufh1 Vlqfh khuh h!flhqf| lv qrw dq lvvxh +zh kdyh
d srwhqwldoo| lqqlwh vrxufh ri GDGV gdwd,/ li zh fdq hvwlpdwh rqh sdudphwhu lqghshqghqwo|
ri wkh rwkhuv/ zh gr lw1
Zh surfhhg dv iroorzv= uvw zh hvwlpdwh wkh lq0wr dqg rxw0ri vdpsoh wudqvlwlrq sdudphwhuv
B/ > dqg bf iurp d frkruw ri zrunhuv lqlwldoo| hpsor|hg dqg zkrp zh iroorz xqwlo wkh| hlwkhu
fkdqjh hpsor|hu ru txlw wkh vxuyh|1 Vhfrqg/ zh hvwlpdwh wkh uhpdlqlqj sdudphwhuv iurp d
furvv0vhfwlrq ri lqglylgxdo revhuydwlrqv ri zdjhv dqg hpsor|hu vl}hv1 Ilqdoo|/ zh wxqh wkhvh
hvwlpdwhv xvlqj d vlpxodwhg phwkrg ri prphqwv edvhg rq g|qdplf prphqwv vxfk dv wkh
fryduldqfh ehwzhhq wzr frqvhfxwlyh zdjhv ru ehwzhhq fxuuhqw zdjhv dqg suhvhqw dqg odjjhg
hpsor|hu vl}hv1 Qrwh wkdw hdfk hvwlpdwlrq dojrulwkp zdv uvw whvwhg dqg yhulhg zrunlqj
xvlqj Prqwh Fduor vlpxodwlrq1
:Zlwk erxqgv zklfk fdqqrw eh gluhfwo| hvwlpdwhg1 Wkh prgho lv fhuwdlqo| qrw yhu| jrrg dw suhglfwlqj
plqlpxp dqg pd{lpxp up vl}hv1 Lq wkh gdwd wkh plqlpxp up vl}h lv rqh dqg wkh lqyhuvh phdq vl}h lv
olnho| qrw d jrrg hvwlpdwh ri 4.4$
4;51614 Frqvlvwhqw hvwlpdwlrq ri lq0wr dqg rxw0ri vdpsoh wudqvlwlrq sdudphwhuv B/
> dqg bf
Wkh uhfruglqj shulrg vwduwv dw wlph f +qdpho| Mdqxdu| 4vw/ 4<<8, dqg hqgv dw wlph A +qdpho|
Ghfhpehu 64vw/ 4<<:,1 Doo wkh  vdpsohg lqglylgxdov duh hpsor|hg dw wkh ehjlqqlqj ri wkh
revhuydwlrq shulrg1 Ghqh _￿￿ dv wkh ohqjwk ri wlph lglylgxdo  vshqgv hpsor|hg +e| rqh ru
vhyhudo hpsor|huv, ehiruh h{lwlqj uhfrughg hpsor|phqw +wrzdug xqhpsor|phqw/ lqdfwlylw|/
vhoihpsor|phqw ru jryhuqphqw mrev/ zkdwvrhyhu, ru xqwlo wkh hqg ri wkh uhfruglqj shulrg1 Li
lqglylgxdo  vwd|v hpsor|hg zlwkrxw lqwhuuxswlrq ohw _￿2 'f 1 Rwkhuzlvh/ ohw _￿2 eh wkh ohqjwk
ri wlph vshqw rxw ri wkh vdpsoh ehiruh uh0hqwu| ru xqwlo wkh hqg ri wkh uhfruglqj shulrg1 Zh
vkdoo hvwlpdwh B/ > dqg bf e| pd{lpl}lqj wkh olnholkrrg ri wkh  revhuydwlrqv E_￿￿c_ ￿21;
Hpsor|hhv idfh wzr lqghshqghqw ulvnv wkdw pd| pdnh wkhp ohdyh wkh hpsor|phqw dfwly0
lwlhv fryhuhg e| wkh GDGV gdwd= od|0r/ rffxulqj dw udwh B/ dqg dwwulwlrq +l1h1 lqdfwlylw|/
vhoihpsor|phqw ru jryhuqphqw mrev,/ dw udwh >1 Wkh dwwulwlrq ulvn dovr dssolhv wr xqhpsor|hg
zrunhuv zkr fdq |hw uh0hqwhu wkh vdpsoh e| qglqj d qhz mre dw udwh bf1 Ohw E.￿cL ￿c( ￿
eh d wulsoh ri lqghshqghqw udqgrp yduldeohv iroorzlqj wkuhh h{srqhqwldo glvwulexwlrqv zlwk
sdudphwhuv B/ > dqg bf1 Zh kdyh
_￿￿
_ ' 4?E.￿c( ￿cA
zkhuh
_ ' phdqv chtxdo lq glvwulexwlrq/ dqg
_￿2
_ ' A  _￿￿ li .￿ n L￿ : 4?E(￿cA























li .￿ n L￿  4?E(￿cA
;Qrwh wkdw zh frxog xvh pruh lq0 dqg rxw0ri0vdpsoh vshoov wkdq wkh uvw wzr1
4<Qrwh wkdw lw lv dovr wuxh wkdw _￿￿ ' 4?E4?E.￿c( ￿cA zkhuh 4?E.￿c( ￿ lv d udqgrp
yduldeoh iroorzlqj dq h{srqhqwldo glvwulexwlrq zlwk sdudphwhu B n >1 Lq sduwlfxodu/ ._￿￿ '
￿3i TE3EBn>￿A￿
Bn> / uhqghulqj srvvleoh d frqvlvwhqw hvwlpdwlrq ri B n > e| d phwkrg ri prphqwv1
Zh kdyh
hi4?E(￿cA'_￿￿ dqg .￿  4?E(￿cAj ' E_￿￿ ' A  e
3>Ae
3BA
n E_￿￿ 	A  >e
3>_￿￿e
3B_￿￿c
dqg jlyhq .￿ ' _￿￿ 	A/
hi_￿￿ 	 4?E(￿cA 	_ ￿￿ n L￿j





















Wkh olnholkrrg ri rqh revhuydwlrq E_￿￿c_ ￿2 wkhq iroorzv dv
E_￿￿c_ ￿2'E_￿￿ n _￿2 	A  Be
3EBn>￿_￿￿  bfe
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51615 Hvwlpdwlrq ri wkh uhpdlqlqj sdudphwhuv iurp d furvv0vhfwlrq ri zdjhv2up
vl}h gdwd
Jlyhq d furvv0vhfwlrq ri lqglylgxdo zdjhv dqg hpsor|hu*v vl}hv/ rqh fdq rewdlq frqvlvwhqw
hvwlpdwhv ri uc V￿w/ k dqg o lq wkh iroorzlqj zd|1 Frqwudu| wr wkh suhylrxv fdvh/ zh fdqqrw
hdvlo| uhvruw wr pd{lpxp olnholkrrg vlqfh wkh vxssruw ri wkhvh furvv0vhfwlrqdo glvwulexwlrqv
ghshqg rq wkh sdudphwhuv ri lqwhuhvw1 Zh wkhuhiruh xvh prphqw0edvhg hvwlpdwlrq phwkrgv1
D frqvlvwhqw hvwlpdwh ri u dqg V￿w lv wkxv vwudljkwiruzdug wr rewdlq iurp wkh glvwulexwlrq
53ri hpsor|hu vl}hv/ xvlqj wkh uvw wzr prphqwv ri wklv glvwulexwlrq1 Uhphpehu wkdw wkh
hvwlpdwlrq vdpsoh lv d vdpsoh ri zrunhuv/ qrw upv= hdfk revhuydwlrq ri up vl}h kdv wkhuhiruh
wr eh zhljkwhg e| wkh qxpehu ri wlphv lw lv uhsolfdwhg lq wkh vdpsoh zklfk lv suhflvho|
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Lw lv dovr srvvleoh wr rewdlq d frqvlvwhqw hvwlpdwh ri K iurp wkh zdjh phdq +htxdwlrq
+4<,,/ dqg dq hvwlpdwh ri o dqg k e| uhjuhvvlqj hduqlqjv rq up vl}hv1 Wkh phdq zdjh shu
























Sudfwlfdoo|/ zh hvwlpdwh o dqg k e| qrq olqhdu ohdvw vtxduhv=















^4` Dfhprjox/ G1 dqg U1 Vklphu +4<<:, H!flhqw Zdjh Glvshuvlrq/ PLW dqg Sulqfhwrq
Zrunlqj Sdshu1
^5` Exughww/ N1 dqg G1 W1 Pruwhqvhq +4<<;, Zdjh Glhuhqwldov/ Hpsor|hu Vl}h dqg Xqhp0
sor|phqw/ Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ 6</ 58:0:61
^6` Exughww/ N1 dqg W1 Ylvkzdqdwk +4<;;,/ Edodqfhg Pdwfklqj dqg Oderu Pdunhw Htxlole0
ulxp/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ <9 +8,/ ss1 437;043981
^7` Srvwho0Ylqd|/ I1 dqg M10P1 Urelq +4<<<, Wkh Glvwulexwlrq ri Hduqlqjv lq dq Htxloleulxp
Vhdufk Prgho zlwk Vwdwh0Ghshqghqw Rhuv dqg Frxqwhu0Rhuv/ LQUD0OHD ZS1 q￿bHe1
^8` Urelq/ M10P1 dqg V1 Urx{ +4<<;, Udqgrp ru Edodqfhg Pdwfklqj= Dq Htxloleulxp
Vhdufk Prgho zlwk Hqgrjhqrxv Fdslwdo dqg Wzr0Vlghg Vhdufk/ FUHVW0LQVHH ZS1
q￿bHH
Dsshqgl{
DG h u l y d w l r q r i uE0ccR
Wkh zrunhuv ri w|sh % sdlg ohvv wkdq z e| upv ri w|sh s ohdyh wklv fdwhjru| hlwkhu ehfdxvh wkh| duh
odlg rzklfk rffxuv dw udwh ru ehfdxvh wkh| glhzklfk rffxuv dw udwh ru qdoo| ehfdxvh
55wkh| uhfhlyh dq rhu zklfk judqwv wkhp d zdjh lqfuhdvh ru lqgxfhv wkhp wr pryh wr d glhuhqw up1
Iurp suhylrxv sdudjudskv/ zh vhh wkdw rqo| wkrvh w|sh % zrunhuv zkr uhfhlyh dq rhu iurp d up
qr ohvv surgxfwlyh wkdq t +%>z>s,  s zloo hlwkhu vhh wkhlu zdjh udlvhg deryh z/r uo h d y hw k h l uw | s h
s hpsor|hu1 Wkh| uhfhlyh wkrvh rhuv dw udwh ￿+t +%>z>s,,/d q gds u r s r u w l r q ri wkrvh rhuv duh
frxqwhuhg1 Wkh wrwdo rxw rz ri vxfk zrunhuv iurp s lv wkhuhiruh htxdo wr=

 .  . ￿+t +%>z>s,,

 O+%>z>s,
. ￿+4  , 
#] ￿
￿fE0cR￿
+t +%>{>s,,  O+%>g{>s,.O+%>!f+%>s,>s,
$
= +55,
Wkh uvw whup lq wkh deryh htxdwlrq fruuhvsrqgv wr od|rv/ ghdwkv dqg zrunhuv kdylqj ehhq klw e|
frxqwhuhg rxwvlgh rhuv/ zkloh wkh vhfrqg whup fruuhvsrqgv wr zrunhuv ohdylqj ehfdxvh wkh| kdyh
uhfhlyhg xqpdwfkhg rhuv1<
Rq wkh lq rz vlgh/ zrunhuv hqwhulqj wkh fdwhjru| +%>z>s, frph iurp wkuhh vrxufhv1 Hlwkhu wkh|
duh kluhg dzd| iurp d up rshudwlqj d whfkqrorj| ohvv surgxfwlyh wkdq t +%>z>s, wkdw kdv pdwfkhg
wkh rhu pdgh e| wkh w|sh s up dw kdqg/ ru wkh| duh kluhg dzd| iurp d up ri dq| w|sh diwhu
dq xqpdwfkhg rhu iurp s/ ru qdoo| wkh| frph rxw ri xqhpsor|phqw1 Ohw O+%>s,@O+%>%s>s,
ghqrwh wkh wrwdo qxpehu ri w|sh % hpsor|hhv dw d w|sh s  u p+ w k hk l j k h v ws d l gz r u n h ur iw | s h%
lq vxfk d up hduqv h{dfwo| z @ %s,/ dqg ohw x eh wkh wrwdo udwh ri xqhpsor|phqw1 Vxpplqj wkh
w k u h hv r x u f h v /z hj h ww k hw r w d ol q  r zl q w rw k hf d w h j r u |O+%>z>s,=
fxP
Q








Wkh uvw whup frxqwv wkh qxpehu ri w|sh % xqhpsor|hg zrunhuv kluhg hdfk shulrg1 Wkh lqglfdwru
ixqfwlrq 4+z  !f+%>s,, lv qhhghg khuh ehfdxvh qr w|sh % xqhpsor|hg zrunhu zrxog dffhsw d zdjh
z vwulfow| ohvv wkdq !f +%>s,/ dqg doo zrxog dffhsw dq| zdjh z  !f +%>s,1 Qrwh iru ixwxuh xvh wkdw
wklv whup fdq wdnh wkh htxlydohqw irup 4+t +%>z>s,  e,1 Wkh vhfrqg whup frxqwv wkh zrunhuv orvw
e| upv ri doo w|shv ohvv wkdq t +%>z>s, wr wkh w|sh s up diwhu wkh| kdyh xqvxffhvvixoo| frxqwhuhg
lwv rhu1 Ilqdoo|/ wkh odvw whup frxqwv wkh zrunhuv orvw wr wkh w|sh s  u pe | u p vr id o ow | s h vz k h q
wkh w|sh s up*v rhu kdv qrw ehhq pdwfkhg1 Frqvlghu lqghhg d zrunhu zkr lv fxuuhqwo| hpsor|hg
<Wklv lv lpsolflwho| dvvxplqj wkdw z  !3 +%>s,/v l q f h!3 +%>s, lv wkh vpdoohvw zdjh d up ri w|sh s fdq
sd| wr d zrunhu ri w|sh %1 Wkhuhiruh/ dv zloo ehfrph fohdu ehorz/ O+%>z>s,@3iru doo z?! 3 +%>s,1D o v r
qrwh wkdw/ dv zloo ehfrph fohdu ehorz dv zhoo/ wkhuh lv d pdvv ri w|sh % zrunhuv hpsor|hg dw wkh zdjh !3 +%>s,1
Ilqdoo|/ vlqfh t+%>!3+%>s,>s,@e/ +t+%>!3+%>s,>s,, @ +e,@4 1
56e| d up ri w|sh { dw d zdjh z￿1 Dq| up zlwk surgxfwlylw| s frqwdfwlqj wklv zrunhu pd| kluh klp
dw wkh zdjh #+%>{>s>z￿, li klv fxuuhqw hpsor|hu grhv qrw uhvsrqg wr srdfklqj +zlwk suredelolw|
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+, z￿  #+%>s>{>z,=
Lw wkxv iroorzv wkdw d up s kluhv dw d zdjh orzhu wkdq z dq| zrunhu sdlg ohvv wkdq #+%>s>{>z, lq
dq up { zklfk grhv qrw frxqwhu wkh rhu1
Wkh vwdwlrqdulw| ri O+%>z>s, lpsolhv wkdw +55, pxvw htxdo +56,/ zklfk |lhogv d frpsoh{ glhu0
hqwldo htxdwlrq vroyhv e| O+%>z>s,1 Wklv htxdwlrq lv lq idfw pxfk vlpsohu wkdq lw orrnv/ dv zh vkdoo
qrz vhh1
Iluvw uhpdun wkdw lqwhjudwlqj e| sduwv dqg xvlqj wkh fkdqjh ri yduldeohv } @ t+%>{>s, lq +55,
doorzv wr uhzulwh +55, dv=

 .  . ￿+t +%>z>s,,





Vhfrqg/ qrwh iurp +43, wkdw/ iru doo {  t +%>z>s,/ #+%>s>{>z,  %{143 Wklv lpsolhv wkdw iru doo
{  t +%>z>s,/ O+%>#+%>s>{>z,>{,@O+%>{,1W k l vd o o r z vw ru h z u l w h+ 5 6 ,d v =
fxP
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Wkdw lv= #+%>s>s￿>z, lv wkh zdjh sdlg e| up s￿ wr d zrunhu % |lhoglqj wkh vdph h{shfwhg lqfrph
 rz dv ehlqj sdlg z dw up s/ zklfk htxlydohqw wr ehlqj sdlg t +%>z>s,@% dw up t +%>z>s,/z k l f k
lq wxuq lv wkh vdph dv ehlqj sdlg !+%>t +%>z>s,>s ￿, dw up s￿1
43Wklv fdq eh vhhq e| qrwlflqj wkdw #+%>s>{>z,@z .%{!+%>{>s,/z k l f kh t x d o v%{ iru { @ t+%>z>s,1
57+58, fdq wkxv eh uhzulwwhq dv=
fxP
Q




. ￿ +4  , 
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^E0c￿cR￿
O+%>!+%>t +%>z>s,>{,>{, g+{,= +59,
Qrz orrnlqj dw d wkh vshflf fdvh zkhuh z @ %s lv wkh pd{lpdo zdjh wkdw up s frxog sd| wr
dz r u n h u%/ zh jhw dq htxdwlrq ghqlqj O+%>%s>s,@O+%>s,1 Li zh qrwlfh wkdw t +%>%s>s,@s dqg
wkdw #+%>s>{>%s,@!+%>s>{,/ htxdwlqj +57, dqg +59, |lhogv=
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Frpsdulqj wkh wzr vlghv ri wklv odvw htxdwlrq zlwk +57, dqg +59, pdnhv fohdu wkh iroorzlqj lpsruwdqw
uhvxow +htxdwlrq +47, lq wkh pdlq wh{w,=
iru doo +%>z  %s>s,/ O+%>z>s,@O+%>t +%>z>s,,>
vlqfh wkrvh wzr qxpehuv vroyh wkh vdph htxdwlrq1 Lw iroorzv wkdw
O+%>!+%>{>s,>s,@O+%>{, dqg O+%>!+%>t +%>z>s,>{,>{,@O+%>t +%>z>s,, @ O+%>z>s,=
Vxevwlwxwlqj wkh odvw wzr htxdolwlhv lq +57, dqg +59, uhvshfwlyho|/ dqg htxdwlqj wkh wzr |lhogv d qdo
h{suhvvlrq iru wkh  rz edodqfh htxdwlrq dw wkh up ohyho=
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58D qdo uhpdun lv lq rughu khuh1 Dv fdq hdvlo| eh vkrzq hlwkhu e| gluhfwo| htxdwlqj +57, dqg
+59, lq wkh fdvh z @ !f +%>s,/ ru e| dsso|lqj wkh uhvxow +47, wr wkdw vdph fdvh/ wkhuh lv d pdvv ri
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Lqwhuhvwlqjo|/ wklv qxpehu lv lqghshqghqw ri wkh up*v w|sh1 Wklv fohduo| uhvxowv iurp wkh idfw wkdw
doo upv duh surgxfwlyh hqrxjk wr dw ohdvw frpshqvdwh doo xqhpsor|hg zrunhuv iru wkhlu irujrqh
surgxfwlylw| dw krph/ e1 Wklv uhpdundeo| vlpsoh uhvxow lv sduwo| gxh wr rxu vshflfdwlrq ri rxwsxw
 rzv dqg xqhpsor|phqw lqfrph1 Dphqglqj wkrvh vshflfdwlrqv zrxog pdnh pdwwhuv voljkwo| pruh
frpsoh{/ iru vrph upv pljkw ehfrph xqdwwudfwlyh wr vrph xqhpsor|hg zrunhuv1 Iru wkh wuhdwphqw
ri wklv fdvh/ vhh Srvwho0Ylqd| dqg Urelq +4<<<,1
59